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O ■ 1 Introduction 

• Let {X, Y) be a bivariate spherical random vector with stochastic representation 

b : 

{X,Y) = {RUi,RU2), (1.1) 

where i? is a positive random variable with distribution function F being independent of the bivariate random 
vector {Ui, U2) which uniformly distributed on the unit circle oilR^ (= stands for equality of distribution functions). 
The radial decomposition (jl.ip makes the spherical vectors a very tractable class with well-known properties (see 
e.g. Kotz (2000)). An interesting distributional result is that if we condition on one component and consider, say 
Z* :~ {Y\X ~ u), then the distribution function of Z* can be easily specified in terms of F. A canonical example 
is when == X^, with X and Y two independent standard Gaussian random variables (with mean and variance 
1). In this model Z*,u GiR is a standard Gaussian random variable. Remarkably, even though the random variable 
Zu > u) is not a Gaussian one, when u tends to 00 it can be approximated (in distribution) by a standard 

Gaussian random variable. In fact, interesting enough, both and Z* can be approximated in distribution by a 
Gaussian random variable, provided that the distribution function F is in the Gumbel max-domain of attraction (see 
Berman (1983), Hashorva (2006)). Two other important instances are when F is in the Frechet and WeibuU max- 
domain of attraction (see Berman (1992)), since again Zu, and Z* can be approximated by some random variables 
with known distribution (not dependent on F). 
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The radial decomposition (|l.ip suggests that conditional limit results could be derived without imposing specific 
distributional assumptions on the random vector {Ui,U2)- The first attempt in this direction is made in Hashorva 
(2009) where the approximating distribution is in general no longer Gaussian but a polar Kotz distribution. 
The main interest related to conditional limit results is due to their important role in the modeling of rare events, 
see e.g., Berman (1992), Joshi and Nagaraja (1995), Ledford and Twan (1998), Abdous et al. (2005), HefFernan and 
Resnick (2007), Balkema and Embrechts (2007), or Resnick (2007). 

Recent theoretical developments with interesting statistical applications concerning conditional extreme value models 
are presented (bivariate setup) in the recent deep contributions Heffernan and Resnick (2007) and Das and Resnick 
(2008a,b). 

In this paper we are interested in multivariate distributions with radial decomposition for which conditional limit 
results such as the Kotz approximation hold under general asymptotic settings. Borrowing the idea of Hashorva 
(2008a) where bet a- independent random vectors are discussed, we introduce in this paper a new class of random 
vectors with prominent members the Dirichlet and the elliptical random vectors. 

Without going to mathematical details we briefly state the main contributions of this paper: 

a) First the class of Wp scale mixture random vectors is introduced; for this model we show a tractable stochastic 
representation of conditional random vectors (see Theorem 12 . 21 below) . This representation, which is of some interest 
on its own, is the key to our asymptotic results. 

b) Under certain asymptotic restrictions on the class of Wp scale mixture random vectors we obtain several conditional 
limit results extending those presented in Hashorva (2008a) for the class of beta-independent random vectors. 

c) Applying the Kotz approximation of Wp scale mixture random vectors we derive the joint asymptotic distribution 
of the concomitants of order statistics (bivariate setup). It is interesting that for our model, which includes as the 
special case the bivariate elliptical one, the concomintants of order statistics are asymptotically independent. 

Three other applications of our results (not developed here) concern i) joint tail asymptotics of bivariate Wp scale 
mixture random vectors (see Hashorva (2008a)), ii) the asymptotic independence and asymptotic behaviour of ex- 
tremes of Wp scale mixture random sequences, and iii) the estimation of conditional distributions and conditional 
quantile functions in multivariate Wp scale mixture models (sec Abdous et al. (2008), Hashorva (2008a,2009)). 

Organisation of the paper: The main results are given in Section 3. In Section 4 we present the application to 
concomitants of order statistics. Proofs of the stated results are relegated to Section 5. 



2 Preliminaries 

We introduce first some standard notation. Throughout this paper / is a non-empty index subset of {1, . . . , d}, d > 2, 
with m := |/| < d elements. For given x = {xi, . . . ,Xd)^ e 5?^ we define the subvectors xj := {xi,i G I)^ ,xj := 
{xi,i G J)^ , with J := {l,...,d} \I (here ^ denotes the transpose sign). Similarly, given a matrix A E IR'^^'^ 
we define An, Ajj, Ajj , Ajj for its submatrices obtained by keeping the rows and columns with the indices in the 
corresponding index sets. If (Ajj)^^ exists we write instead ^y)- l^^xt, let y = (j/i, . . . ,yd)^ be another vector in 
M'^ and let j|-j|j be a norm in J?^""'. We define 

X + y:= [xi+yi,. . . ,Xd + ydV , 



X > y, if Xi > yi, 
x>y, if Xi > yi, 



Vz = 1, . . . , d, 
Vi = 1, . . . , d. 
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X ^ y, if for some i < d Xi ^ yi, 
ax :— {aiXi, . . . , adXd)^ , cx -.^ {cxi, . . . , cxd)^ , a & M'^ , c M, 
\\xj\\a:^\\Aj}xj\\j, AeR"''^. 
In order to simplify the notation, we write ajj instead of (a;/)^, respectively. 

Given Z a random vector with distribution function G and density function g we write alternatively Z ^ G, and 
Z g, respectively. When G is a univariate distribution we denote by G its survivor function and by xg its upper 
endpoint. In the following Z ^ Beta(a, b) or Z ^ Gamma{a, b) mean that Z is Beta or Gamma distributed with 
positive parameters a, b, respectively. The corresponding density functions are 

x''-\l~x)''-'^r{a + b)/(r{a)r{b)),x e (O, l), and a;''-^exp(-6a;)fo°/r(a),a: G (0,oo), 

with r(-) the Gamma function. 

Let I,p E (0,00) be given and throughout this paper t/ is a random vector in lR'^,d > 2 with specific properties 
defined in terms two given norms in J?"' andK''^™, respectively. Explicitly, we suppose that 

i|[//||/ = ||t/j||j = l 

almost surely and Uj is independent of Uj. In our definition below, the properties of U are related to p and a 
random variable Wp £ [0, 1]. 

We arrive at the following definition: 

Definition 2.1. Let R ^ F, Wp ^ G be two random variables such that i? > 0, Wp G [0, 1] almost surely. We define 
a Wp scale mixture random vector X in]R'^,d > 2 via the stochastic representation 

X = AS, Si = RWUi, Sj = RWpUj, W := {1 - W^^^p , (2.1) 

where A (iIR^^^'^ , and R, W, Uj, Uj are mutually independent. 

Clearly, the distribution function of X with stochastic representation (|2.ip is determined by A, F, G, I,p and Uj, Uj. 
In the following we refer to X as a Wp scale mixture random vector with parameters A, F, G, I,p, or simply as a Wp 
scale mixture random vector. If G possesses a density function g (which we assume in the following) we mention g 
instead of G. Both Ui and Uj are also important, however since we deal with the same U we do not consider these 
random vectors as further parameters in our definition. 

In the special case that W^,S e (0,00) is a Beta distributed random variable and 

\\xi\\i:=(j2\'X^ry^', ll^,7!l,7:= (El^^l'')'^'' 
X is referred to as a beta-independent random vector (see Hashorva (2008a)). 

Any spherical random vector X mM'^ with positive associated random radius satisfies (|2.ip with W^ ^ Beta{m/2, {d— 
m)/2) and [//, U j two independent random vectors being uniformly distributed on the unit spheres ofJ?™ and 
respectively (||-|1/ and ||-||,7 are the L2-norms in the corresponding spaces). Also Dirichlet and beta-independent 
random vectors belong to the class of Wp scale mixture random vectors. 

Wc impose further the following assumption on X needed in the definition of the conditional random vector Xj\Xj. 

Al. If X is a random vector with stochastic representation (|2.ip and K C J where J\K has only one element, then 
Uk, possesses a positive density function defined for all uk £5?'^' with u <ElR'^ such that = 1. When J has 
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only one clement, then wc suppose that P{Uj = 1} > 0. Further, wc suppose that Ajj exits 



In the bivariate setup d = 2 the random vector {X, Y) defined by 

X^RhW, Y = pRhW + {1^ pPy/PRhWp, pe(0,oo), (2.2) 

where i? > 0, := (1 - Wp^/P G [0, 1] almost surely and I1J2 assume values in { — 1, 1} with P{Ii = 1}P{I2 = 
1} G (0, 1] is a Wp scale mixture random vector, provided that Ii, I2, R,W are mutually independent. 

Let g : (0, 1) (0, 00) be the density function of Wp, and define the distribution function QF.g,T by 

QF.gA^):=l- PJ , ,,,,1, , , VzG(0,(:r^^-rP)VP), rG(0,Xf). (2.3) 
Jr 9{r/r)-dF{r) 

We have the following result: 

Theorem 2.2. Let X be a Wp scale mixture random vector inlR'^,d > 2 with representation (|2.1|) and parameters 

A,F,g,I,p. Assume that Ajj has all entries equal 0, and Assumption Al is satisfied. If a E is such that 
^(W^jWa) ^ 1)' ^^6^ have the stochastic representation 

(X/|Xj = a,7) = AiiRp^g,\\^^\\Ui + AijAj]aj, (2.4) 

with Uj independent of the positive random variable i?_F.g.||a7||^ which has distribution function Q_F.g.||a/|t^ • 

Remarks: (a) If F in Theorem \2.S\ possesses a distribution function /, then also Q_F,g,||a/|[^ possesses a density 
function given by (set c := ||aj||^ G (0,2:^;^)) 

CP + ZP g(^c/s)^f{s)ds 

(b) When X is an elliptical random vector, then (|2.4p holds for any / C {1, . . . , d} without the assumption that Aji 
has all entries equal 0. 

(c) Examples of norms appearing in the definition of the random vector U are 

\\xi\\i := {^\x,r)"'\ \\xj\\j := {^\x,r)"'\ x elR^ gi, 92 G [1, 00). (2.6) 

We note in passing that our results can be stated also when qi,q2 G (0, 1). 

The main asymptotic condition imposed on the distribution function F is that it belongs to the max-domain of 
attraction of a univariate extreme value distribution function H. Explicitly, we suppose that 



lim sup 



F'\anx + b„) - H{x) = (2.7) 



holds for some a„ > 0, fe„ G IR,n > 1. The distribution function H is cither the unit Gumbel distribution A{x) := 
exp(— exp(— a;)), a: G IR, the unit WeibuU distribution "i-yix) := exp(— |a;|^), 7 G (0, oo),a; G (— oo,0), or the unit 
Frechet distribution $^(2-) :== exp(--a;"'^), 7 G {0,oo),x G {0,oo). See Reiss (1989), Embrcchts et al. (1997), Falk et 
al. (2004), De Haan and Ferreira (2006), or Resnick (2008) for details on univariate extreme value distributions and 
max-domains of attraction. 



3 Kotz Approximation 

Consider X a Wp scale mixture random vector inlR'^, d> 2 with representation (|2.1[) and parameters A, F, g, I,p, and 
let Un,n > 1 be a sequence of constants inM'^ satisfying ||ttn,j||A G (0,Xi^),n > 1. Next, we introduce two sequences 
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of random vectors Zm n>\, and 2* , n > 1 defined in the same probability space satisfying 



'n,7 — {Xl — AjjAjjUn^j] 



Xj = M„,J, = (^(X/ - UnjAjj), {Xj - M„,j)^ X,7 > M„_j, 71 > 1.(3.1) 



For notational simplicity we write Xn.K instead of (a;„)/<- for some Xn c^M^ and K C {1, . . . 

Our main concern in this section is the asymptotic approximation of these sequences when ||Mri.,/||yi — * Xp assuming 
further that F is in the Gumbel max-domain of attraction satisfying \2.1\ with H ~ A. The latter assumption 
(henceforth abbreviated F S MDA{A,w) is equivalent with (see e.g., Embrechts et al. (1997)) 

^.^Fit+^pt)l ^ ^^^^^ 

tlXF F{t) 

where w is some positive scaling function. If X is an elliptical random vector i.e., U is uniformly distributed on the 
unit sphere oiM'^ (with respect to i2-norm), then in view of Hashorva (2006) both conditional random vectors Zn,i 
and .Z* J can be approximated in distribution by a Gaussian random vector, provided that ^ xp. 

We note in passing that the Gaussian approximation for bivariate elliptical random vectors is first obtained in full 
generality in Bcrman (1983). In Hashorva (2008a) it is shown that the limiting random vector is a Kotz Type I polar 
random vector if X is a beta-independent random vector. In our definition Y E , k > 2 \s referred to as a Kotz 
Type I scale mixture random vector if 1^ = BRV, where B £ H^^^ and ^ Gamma{a, (3), a, f3,q (z (0, oo). Further 
R is positive and independent of V eW& and for some norm ||-||fc vaM^ we have || Vjlfc = 1 almost surely. When ||-||fc 
is the Euclidian norm, X is referred to as a Kotz Type I polar random vector. 

In this section we show that Kotz approximation of conditional random vectors Znj and Z*^ j holds also for the 
general settings of Wp scale mixture random vectors. Instead of some distributional assumptions on (7, we suppose 
only that the density function g of Wp satisfies 

lini 41:1^ = Vx>0 (3.3) 

M^oo g[\ — \/u) 

for some a e (0, oo), i.e., g is regularly varying at 1 with index a — 1. As will be shown below the parameter a 
together with p determines the conditional limit distribution. 

We state next the main result of this section. 

Theorem 3.1. Let I he an index set o/ {1, . . . , d}, d > 2, and let X he a Wp scale mixture random vector inlR'^ with 
representation p.ip and parameters A,F,g,I,p satisfying Assumption Al. Suppose that p.3p holds with a G (0,oo) 
and for any e £ (0, 1) 

g{x)<Cex'^% Va:e(0,£) (3.4) 
is valid with c^ € (0, oo),7j GiR. Assume further that F G MDA{A,w) and Ajj has all entries equal 0. 

a) Let Un,n > 1 be constants inlR"^ such that F[\\Unj\\A) G (0,1), n > 1 and lim„^oo||w„_jm — xp. Then we have 
the convergence in distribution 

hnZnj AjiUalli, n -> OO, (3.5) 

where hn (||M„^j||];^^'''?i;(||it„^j||^))^/^', ?i > 1, and TZa is a positive random variable independent of U i such that 
TZ^ ^ Gamma{a, 1/p). 

b) Let Un :— Un{l, . . . , 1)^ G -2?'', u„ G (0, xp), n > 1 be such that lim„_,oo w„ ~ xp. If I = {1, . . . ,d — 1}, J = 
{d},Ajj = 1, and Ajj has all entries equal if p G (0, 1), then we have (set Ip := 1 if p =^ 1, and Ip :— otherwise) 

(ji„Z*„j,w{u„)Z*^ j^ -i (^AiiTZaUi + £lpAij,£^, n ^ oo, (3.6) 

with £ ^ Gamma{l, 1) independent of {TZa, Uj). 
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Remark 3.2. (a) The random vector Yj := AjiTZaUj appearing in p.Sp is a Kotz Type I scale mixture random 
vector. Therefore we refer to the distribution approximation in p.Sp as the Kotz approximation. It is well-known 
(see e.g., Kotz et al. (2000)) that Yj is a Gaussian random vector in]R™,m :~ \I\ with covariance matrix AjjAjj, 
provided that p = 2,a = to/2, and Ui is uniformly distributed on the unit sphere ofM"^ (with respect to L2-norm). 
(b ) The Kotz approximation above is stated in terms of convergence of distribution functions. It is of some interest 
to strengthen this to convergence of the corresponding density functions, which we refer to as the strong Kotz approx- 
imation. The random vector Z^j, Z*^ j,n > 1 possess a density function (recall ()2.5|) ) if both R and Ui possess a 
positive density function. If R i2 f such that 

f(u + x/w(u)) , , , rr^ /„ „N 

lim ^^-^ „/. ^ " = exp{-x), MxeR (3.7) 

holds with some positive scaling function w, then for X a Lp Dirichlet random vector (see Hashorva and Kotz 
(2009)) the convergence in p.6[) can be strengthened to the strong Kotz approximation. With similar arguments as 
in the aforementioned paper utilising further (j2.5p . it follows that both (|3.5|) and (j3.6p can be strengthened to the 
local uniform convergence of the corresponding density functions, provided that p.7p is satisfied and U i possesses a 
positive density function. 

We present next two illustrating examples. 

Example 1. [Kotz Type III Wp scale mixture] We refer to X in Ff^jd > 2 as a Kotz Type III Wp scale mixture 
random vector if it has stochastic representation (|2.ip (for some given index set /) with A £IR'^^'^ such that Ajj is 
non-singular, and 

F{u) = {l + o{l))Ku^ cxp{-ru^), K >0,6>Q,N €R, u ^ oo. (3.8) 
Assume further that Wp possesses the positive density function g which is bounded in [0, 1] and for any e G (0, 1) 

g{u)=c{u){l-u)°'-^, VMe(e, 1), aG(0,oo), 

with c(ii) some positive measurable function such that lmiuiic{u) = c e (0, oo). Clearly g satisfies the assumptions 
of Theorem 13.11 Since F is in the Gumbel max-domain of attraction with scaling function w{s) = rSs^^^, s > the 
aforementioned theorem implies for any sequence u„,n > 1 satisfying lim„^oc||w„.,/||A = oo 

{r6)^/P\\u„j\\'/''-'Z„j 4 AjjTZo^Ui, n ^ oo, 

where TZa is a positive random variable independent of U i such that TZ^, Gamma{a, 1/p), TZa S (0, oo). 

Example 2. [F with finite upper cndpoint] Let X = ARU be a Wp scale mixture random vector in M'^, d > 2. 
Suppose that R ^ F with 

F(m) = (1 + o(l))ci exp(— C2(a;F — u)^'^), ci, C2, A e (0, oo) u 1 xp & {0,oo). 

It follows easily that F G MDA{A, w) with w{s) = C2X{xf — s)^^^^ , s E (0, 1). Consequently, if A, I, U, Un, n > 1 
are such that the assumptions of Theorem 13.11 arc satisfied, then wc have the approximation 

(c2A)Vp4/^-i d , ^ 

Zn,I AjiTZaUl, n^oo, 



(xf-||m„„7||)(^+i)/p 
where lim„^oo|l''^ri,,/|l = and TZa,Ui are as in Example 1 



4 Regularly Varying F 
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In this section we deal with distribution functions F in the WeibuU or Frcchet max-domain of attraction. Specifically, 
in the former case 

lim -\ ^ I = x\ Vx>0, 7e(0,oo) (4.1) 

is valid for some 7 G (0, 00). Condition (|4.ip is equivalent with (j2.7p where iJ = 'I'^ is the unit Weibull distribution. 
When F is in the max-domain of attraction of the Frcchet distribution (f>^. then we have 

lim = a;-^, > 0. (4.2) 

Under these assumptions, where the survivor function F is regularly varying at the upper endpoint, the approximation 
of the conditional distribution of Wp scale mixture random vectors can be carried out as in the case of beta- independent 
random vectors. 

It is interesting that when (|3.3p and (|4.1|) hold, then the conditional limit distributions are completely specified by 
a,p and 7. For the Frechet case we do not to impose any asymptotic assumptions on g, therefore the conditional 
limit distribution depends only on the regularly varying index 7. Both a and p do not appear in the asymptotics. 

We state next the main result of this section. 

Theorem 4.1. Let X,m„, Znj,n > 1, be as in Theorem \3.1[ and let TZa.-y, —£ be two independent positive random 
variables such that TZ^, ^ ~ Beta(a, 7), and 6^1 — \x\°'~^'^ , x G (—1, 0) being both independent of Uj . Assume that F 
satisfies (j4.ip . and let an,n > 1 be positive constants such that lim„^oo cin ~ 0- 
a) If for all large n we have Hitn.jjL = 1 ~ o,n, then (set ft,„ := {pan)~^^^ ,n > 1) 



hnZn.i AnTZa.-tUi, n ^ 00. (4.3) 

b) If I — {1, . . . ,d— l},Ajj — 1, and Ajj has all entries equal if p £ (0, 1), then for any x eM"^ with Xd G (—00,0) 

lim p\hn{Xi - Au) < xi, {Xd - l)/a„ < Xd\Xd > 1 - a„ I 
= P{\£\"^{Anno.^-,Ui-\pAij)<xi,£ <xd} (4.4) 

is valid. 

c) If (|4.2p holds, then for any a eM"^ such that ||aj||^ > Q we have (set Un a/ftn, n>\) 

OnZnj AjiTZUi, n —* 00, (4-5) 

with TZ > independent of U j satisfying TZ ~ QM.g.\\aj\\^i where M{s) := 1 — ||a,/||^s^''', Vs > ||a,7||^. 

Remark 4.2. (a) The convergence in (|4.3p and (|4.5p is stated in Hashorva et al. (2007) for Lp Dirichlet random 

vectors, and Hashorva (2008a) for beta-independent random vectors. 

(b) Under von Misses conditions on the density function f of F the above asymptotics can be strengthened to local 
uniform convergence of the corresponding density functions. 

(c) Condition (|4.ip is satisfied for instance for the Beta distribution, whereas condition (|4.2p is satisfied by distributions 
F with tail behaviour F{x) = (1 + o{l))Xx^'^ , A, 7 G (0, 00) as a; —> 00. 

(d) When X is a Wp scale mixture random vector, then X/c,c G (0,oo) is also a Wp scale mixture random vector. 
Further if R ^ F with F in the max-domain of attraction of "^-y, then also R/c has distribution function in the 
max-domain of attraction of "^-y. Hence the extension of our asymptotic results in ()4.3p and ()4.4p for F with upper 
endpoint xp G (0, 00) \ {1} follows easily. 
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5 Asymptotics of Concomitants of Order Statistics 

We present next an application of the Kotz approximation concerning the asymptotic distribution of concomitants of 
order statistics from a bivariate sample with underlying Wp scale mixture distribution. Let therefore {Xj , Xj ), j = 
1, . . . ,n be independent bivariate random vectors with stochastic representation (|2.2[) . The ith concomitant of order 
statistics Y[i.„] is defined as follows: if we order the pairs based on the order statistics Xi:n < • • • < Xn-.n, then Y[j:„] 
is the second component of the pair with first component the ith order statistics Xi-n- 

The main applications of concomitants are in selection procedures, ranked-set sampling, prediction analysis, and 
inference problems, see e.g., David and Nagaraja (2003), or Wang (2008) for details. 

In an asymptotic context. Nagaraja and David (1994) derive interesting results for the maximum of the concomitants 
of order statistics Yn_k niaxi<i<fc y|„_i_|_i.„] , n > 1, with /c a fix integer. Related asymptotic results can be found 
in Eddy and Gales (1981), Galambos (1987), Joshi and Nagaraja (1995), and Ledford and Tawn (1998). 

In fact, by Result 1 of Nagaraja and David (1994) and the Kotz approximation the asymptotic distribution of 
Yn.k, n OO follows easily. Below we shall investigate the asymptotic behaviour of (Y^n-.n]^ j ■ • ■ i ^[n-fe+i:n])i 1 < fc < 
n. Since the joint distribution function of (^n:n], . . . ,^n-A:+i:n]), 1 < k < n conditioning on the order statistics 

(Xn-.n = Xi, . . . , Xn-k+l:n = Xk) is 

fe 

Y[P{Yi<y,\Xi^x,}, x,,y,eR (5.1) 
1=1 

we can apply the Kotz approximation developed in Section 3. More specifically, we shall show that (yjra:^] Y]^n-k+i:n\ ) 
are asymptotically independent, provided that the Wp scale mixture random vector (Xi, Yi) satisfies the assumptions 
of Theorem 13.11 It is interesting that in this model the limit distribution of the concomitants of order statistics 
depends only on a and p. 



Theorem 5.1. Let {Xj,Yj),i ~ I, . . . ,n be a random sample ofWp scale mixture random vectors as defined in (|2.2p . 
Assume that p G (1, oo), R ^ F, with F in the Gumbel max-domain of attraction with some scaling function w, and 
Wp^ g. Define A^^Bn by 

An:={l-p'f' \, f".^, , Bn:=pbn, bn:=H-\l-l/n), n > 1, 

{bnW(bn)Y'P 

with H^^ the inverse of the distribution function of Xi. If (j3.3p holds with a G (0, oo), and the positive density g 
satisfies p.4p , then for any k > 1 we have 



Bn Y^n-k+l-.n] ~ B„ 



{Vi,---,Vk), n^oo, (5.2) 



\ An An I 

where 771, . . . , 77^ are independent random variables being symmetric about satisfying jryil^ ~ r(a, ^/p)^ i < ri. 
In Theorem 15. II we discuss only the case p £ (1, 00). When p E (0, 1] and p = the same asymptotic result holds. 
If (^1, Yi) is a standard bivariate Gaussian random vector, then (j5.2p implies 



pV2\nn Y[n-k+i:,i] - pV21ni 



i (771, . . . ,77fc), Ti— s-oo, (5.3) 



with r/.j,i < n independent standard Gaussian random variables. Hence for any /c > 1 we obtain (see Nagaraja and 
David (1994), Joshi and Nagaraja (1995)) 
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Further, remark that under the assumptions of Theorem 15.1 



where r]i is independent of £,i,i > 1 and ~ A'(— In A)'/?! with A' the density of A 



^ iViiCi), n^oo, (5.5) 



6 Proofs 

We present next a lemma and then proceed with the proofs. 

Lemma 6.1. Let g : [0, 1] — s- (0, oo) be a positive measurable function, and let F be a distribution function on [0, oo) 
with upper endpoint xp £ (0, oo]. 

a) Let y e (0,oo),z € [y,oo) be given constants. If F is in the max-domain of attraction o/<l'^,7 G (0,oo) and 
g{y/f) 5: cr^ ,'^r > z, with 6 < j + 1 and c £ (0,00), then we have 

^1 — /"^ _ _ 

g{uy/r)— dF{r) = [1 + o{l))F{u)^ I g{y/r)r~^~'^dr, u^oo. (6.1) 



uz 



In the special case g is a density function of a positive random variable Z , then (j6.ip holds, provided that E{Z'^} £ 
(0, 00) for some t £ (7, 00). 

b) Suppose that F satisfies (|4.ip . // (j3.3[) holds with a £ (0, 00), then for any (3 £M, and oo>z>y>Owe have 

1 rz~y 

g{{l-uz)/x)x^ dF[x) = (1 + o(l))7F(l - u)g(l - u) / {z - t)°'-^t^-^ dt, w i 0. (6.2) 

l-u{z-y) Jo 

c) If F £ AIDA{A, w), then for any given constant (3 £IR 

^.^(M^^m^ ^ 0, VMe(l,oo) (6.3) 

u^oo F{u) 

and moreover, if (j3.3p holds with a £ (0,oo) and p.4p is satisfied, then for any z £ [0,oo) we have 

1 f^^ 1 f°° 
=— g{u/x)xf'dF{x) = (l + o(l)).g(l r-^^ s"-' cxpi-s) ds, uUf- (6.4) 

F{u) Ju+z/w(u) UW[U) 

Proof, a) Assume for simplicity that F possesses a density function / which is also regularly varying. The general 
case follows applying Lemma 2 in Kaj et al. (2007). By the assumption on g the integral ly^^ '■= div dr 
is finite. Further, the regular variation of / implies 

fin) 
nm = 7, 

u^oo uF{u) 

hence applying Karamata's Theorem (sec e.g., Rcsnick (2008)) we may write 

g(uy r)-dF(r) = / g{y r)-——dr 

r u r f[u) 

= (1 + o(l))7/y,,F(u), u->oo. 

If g is a density function of some positive random variable Z £ (0, 1), then ly z is finite if E{Z^} < 00, r £ (7,00), 
and the statement can be established with the same arguments as above, 
b) Transforming the variables for any u £ (0, 1) we have 

1 ry~^ _ 

= / g((\-uz)/x)x^ dF{x) = i g{{\ ~ uz) / {\ - us))[\ - usf dF{l - us) / F{1 - u). 

F{\ — u) Jl+uy-uz Jo 
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Consequently, by the max-domain of attraction assumption on F and the regular variation of g at 1 
1 



y-z rV-z 

g{{l-uz)/x)x'^ dF{x) = (l + o(l)).g(l-u)7 / {z ~ s)''-^ s'^-^s, u j 0, 
Jo 



F{1 -u) 
hence the claim follows. 

c) Set Fu{x) := F{u + x/w{u))/F{u),v{u) uw{u), u > 0,x GlR. The Gumbel max-domain of attraction assumption 
on F imphes (see e.g. Resnick (2008)) 



and 



lim v{u) = oo, lim w{u){xf — w) = oo if xp < oo (6-5) 



lim Fu{s) — Fu(t) = exp(— <) — exp(— s), s,t €IR. 

ulXF 



Transforming the variables for u large 
1 



xf pw{u){x p- —u) 

g{u/x)x^ dF{x) = ul^ I g{\/[l + x/v{u)])[l + x/v{u)f dF^{x) 



F{u) Ju+z/w(u) 

= {l + o{\))u^g{\~llv{u)) I (l + o(l))x"-idF„(x) 



We consider only the case xp — oo and omit the proof when xp G (0,oo) since it can be established with the same 
arguments. For any e > we may write 

g{u/x)x'^ dF{x) ^ / g{u/x)x'^ dF{x) + / g(u/x)x'^ dF{x) I^{u) + J,_(u). 

u+z/w{u) Ju-\-z/w{u) J {l+e)u 

As in the proof of Lemma 3.5 in Hashorva (2006) utilising further Potter's upper bound (see De Haan and Ferreira 
(2006) or Resnick (2008)) for the regularly varying function for any e > sufficiently small we obtain (recall 

lim„_oo v{u) = oo) 



1™ ^TTT^Vr^ = 1™/ (l + o(l))x"-MF„(x)= / x"-^exp(-a;)dx. 

u^oo uP g(l — 1/V[U)) u^oo ^' 



By Lemma 4.5 in the aforementioned paper 



2 



lau-^ (x^-u^)"dF(x) = (l + o(l))r(a + l) — - u^"F(m), u~>oo. 
Since for any ^ > 1 we have lim„^oo FiS,u)/F{u) = 0, and furthermore 



> / {x' -u^Y dF{x)>{l + o{l))S,^u^°'F{iu), u^oo 



O]) follows easily Next, by ([331) and jO 



Je{u) < CeV?^ I X^-'f' dF{x) = o{I^{u)), U OO, 

J(l+e)u 

thus the result follows. □ 



Proof of Theorem 13.11 a) Let i?„,n > 1 be random variable with survivor function 



/ftp+^p-iVP 9{Tnlx)\dF{x) 
P{Rn>s}:= '^^-p' - , V.e(0,(xj.''-TP)i/^), (6.6) 

J^^ g{Tn/x)^dF{x) 

where t„ := l|Mn.j|U,?^ > 1- By (|6.5p and Lemma [6. II for any z > we have 

/r„ + (l+o(l))zP/(pui(r„)) 9{Tn/x)^ dF [x) 



lim P{h„Rn > z} = lim 



n — ^oo 



r g{Tjxy-dF{x) 
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ir ^""^ exp(-i) dt 
= P{7^„ > z}, 

with TZa a positive random variable satisfying 7?,^ ^ r(a, l/p). Since TZa is independent of Uj the first claim follows 
using further (|2.4p . 

b) As in Hashorva (2007c) it follows that X^i has distribution function H in the Gumbel max-domain of attraction 
with the scaling function w. Our proof below is quite similar to the proof of Theorem 3.1 in Hashorva (2008a), 
therefore we omit some details. Next, define /i„ :— (u„'!j;(u„))^^~^-'/Pw(u„), n > 1, and let x GiR^, t £]Rhc given. By 
(|6.5[) lim„^oo hn/w{un) = holds if p > 1, and lim„^oo hn/w{un) = 1 when p = I. Since further (see e.g., Resnick 
(2008)) 

u^xp W{u) 

uniformly for z in compact sets of J? for any p G (0, oo) and Ajj with elements equal when p £ (0, 1) we have 

lim PlhniXl - UnAij) < xAXd = U„ + t/w{Un)\ = P{A//7^„^77 + IptAij < Xi} 
n — 'OO L J 

locally uniformly for i with Ip := 1 if p = 1 and Ip := otherwise. Hence along the lines of the proof of Theorem 
3.3 in Hashorva (2006) for any a;;; > we obtain 



P 



^hniXl - UnAij) < Xi,w{Un){Xd - U„) < Xd\Xd > U„ | 



Plhn{Xi - UnAjj) < Xi\Xd = Un+ t/w{Un)> dH {u^ + t/w(u„ ) )/i/(w„ ) 



j P{AjiTZaU I + IptAjj < Xj} cxp{—t) dt, n oo, 
Jo 

thus the proof is complete. □ 

Proof of Theorem 14.11 a) Let i?„,n > 1 be positive random variables as in (|6.6p corresponding to Un j. Since 

lim„^oo Q-n — 0, by the assumptions on F and g for any t <E (0, 1) we obtain (set a„ := 1 — a„, hn '■= {pan)~^^^ , n> 1) 

fr-p , /„ Q(a„ /r)- dF(r) 

hm P{hnRn > t} = lim ^ " ' 



n — voo 



lim 



jl9{ar,/r)UF{r) 

ff(an/r)i dF{r) 



JlgiaJry-dFir) 

^ Jo^ 1 = l-B(tP,a,7), 

Jf^{l-x)"~'^x''-'^dx 

where B{x, a, 7), x G (0, 1) is the Beta distribution function with positive parameters a, 7 implying thus 

with 7?,Q._^ > such that 7?.^ ^ ~ Beta{a,j) being independent of Uj. Consequently, 

hnAjiRnUi AiiTZa,^Ui, n^co, 

hence the first claim follows. 

b) In view of Theorem 3.1 in Hashorva (2008c) the random variable X^ has distribution function H in the max-domain 
of attraction of ^a+i- If Un.j = 1 — a„i, ?i > 1, t > 0, then for any x G Ff^ and p G (0, 00) locally uniformly for t > 

P^^Xi <Aij + {pany^Pxi\Xd^l-a„t} p|A//7^„,^^7/ - IpA/j < i-^/Pa;/}, ?i ^ 00 
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holds. Hence for any Xd G (—00, 0) 

p{Xi < Aij + ipa„)^/Pxi, (Xd - l)/a„ < Xd\Xd > I - a„} 

= J " P{X/ < Aij + {panY^PxilXd = 1 + a„t} dH{l + a„i)/i?(l - a„) 

^ J P{Aun^,-,Ui - IpAij < \t\-'/''xi} d{l - |ir+''), n -> cx) 
= P{\£\^^P{AuTZ^,^Ui - IpAjj) <xj,£< x^}, 

with £ a negative random variable with distribution function M{s) := 1 — |s|"'*"'*', s e [—1,0]. Thus the result follows. 

c) Set Un := a/an,n > l,c := ||aj||^ and define a positive random variable Rn,n > 1 as in (|6.6p . Since Wp is 
bounded for any A G (0, 00) we have E{Wp} e (0,oo). Hence for any z > Lemma \QA\ implies 

oro T r /aT(cP+zP)Vp3(anc/r)idF(r) 
hm P{Rn> Unz} = hm ^ — , . ^ , 

n-.oo n^oo J g{a„c/ r) - dF (r) 

I(Z+zpy/p 5(c/r)r-T-2 
g{c/r)r-f-^ dr 

= p{n > z}, 

where TZ ^ QM.g,c being independent of Ui and M{x) := 1 — c'x~^ ^x > c > 0. Thus the result follows easily. □ 

Proof of Theorem 15.11 The proof can be estabhshed by extending Result 1 of Nagaraja and David (1994) to the 
higher dimensional setup and utilising further the Kotz approximation. 

We give next the sketch of another proof. For notational simplicity assume that k = 2. Define next 6„ := H~'^{1 — 
1/n), Qn ■= l/w{bn), n > 1 and let An, Bn be as in ()5.2p . In view of (jS.ip for n > 1 we have 

P{ " <;/i, t"-^"^'' " <y2| = / \{P{Y^<AnV, + Bn\X^=a,,x, + hr,}dDl{xi,X2), 

^ J Jxi>X2 

with D*^{xi, X2) = P{Xn:n < a„xi + bn, Xn-i:n < anX2 + ^n}- As in thc proof of Theorem 3.1 we have that the 
distribution function H of Xi is in the Gumbel max-domain of attraction with scaling function w, implying thus the 
joint convergence of upper order statistics (see e.g., Falk et al. (2004)), i.e., 

lim D* (xi, X2) = X'(a:;i, X2), yxi,X2, xi > X2, 

n — ^00 

with 2? a bivariate distribution function. By thc assumptions and the properties of the scaling function w 
2 2 

Y[ P{Yi < Any^ + Bn\Xi = a„X, + bn} Jl P{/27^a < Vt}, U OO 
1=1 1=1 

holds locally uniformly for xi,X2 G H. Hence with similar arguments as in the proof of Theorem 4.1 in Hashorva 
(2008b) we obtain 

lim P\ < yi, ^'"'^ ~ ^" < 2/2} = n ^{^27^„ < m} [ dV{x,,X2) = \{ PlhU^ < y.}, 

n^oo I. An An J .^^ Jxi>X2 

thus thc result follows. □ 
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